Abstract. It is shown that the double cover of a Kähler surface branched along the fixed point set of an anti-holomorphic involution admits a symplectic structure.
In [4] Donaldson suggests studying the quotient manifold of a Kähler surface under an anti-holomorphic involution. It turns out, in case the involution is not free, that such a quotient does not have a symplectic structure, let alone a Kähler structure, by using Kronheimer-Mrowka [10] or Morgan-Szabo-Taubes [12] and Taubes [14] . (More precisely, the fixed point set of the involution is assumed to be orientable of genus bigger than 1. Then its image on the quotient manifold violates the "adjunction" inequality of [10] , [12] ; thus the quotient has vanishing SeibergWitten invariants and by [14] does not have symplectic structures.) Going in a different direction, Akbulut [1] and Finashin [7] have shown directly that, in many cases, the quotient can be decomposed into a connected sum of CP 2 , S 2 × S 2 and their reverses. In case the anti-holomorphic involution is free, the situation becomes slightly different in that the quotient is no longer decomposable by Wang [18] and is even irreducible from Kotschick [9] , although the quotient still does not admit any symplectic structure [18] .
In contrast with the above, we consider here another construction of smooth 4-manifolds arising from anti-holomorphic involutions and we will show that these manifolds have symplectic structures.
Consider in general a co-dimension 2 submanifold Σ of a smooth n-manifold X (Σ may be non-orientable or disconnected). If the homology class [Σ] = 0 ∈ H n−2 (X, Z 2 ), then it is a familiar fact that there exists a double cover X → X branched precisely along Σ, which will be unique up to equivalence if in addition H 1 (X, Z 2 ) = 0. Recall also that a smooth map σ : X → Y between two almost complex manifolds is called anti-holomorphic if σ * • J X = −J Y • σ * for the almost complex structures J X , J Y . When X = Y and σ 2 = id, the fixed point set of σ is called a real part. The main result in the note is the following:
Theorem. Let X be a Kähler surface with H 1 (X, Z) = {1} and Σ ⊂ X be the real part of an anti-holomorphic involution σ on X. Suppose that Σ consists of orientable surfaces only and [Σ] = 0 ∈ H 2 (X, Z 2 ). Then the double cover p : X → X branched along Σ admits a symplectic structure.
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Proof. The idea is to perturb the Kähler form on X to a symplectic form so that Σ becomes a symplectic submanifold; this is basically due to Gompf [7, Lemma 1.6] . Then pull back the symplectic form from X to X and perturb it again to get symplectic form on X; the construction here is adapted from Thurston [15] (compare with McDuff [11, §3] ).
By using X, there is a canonical choice of a semi-orientation on the connected components {Σ i } m 1 of Σ, namely a pair of opposite orientations on Σ. According to Viro [17, 2.4 .A] the semi-orientation can be characterized as the only one such that [±Σ] ∈ H 2 (X, Z) are equal to ±2a where a is some element in the image of the inverse Hopf homomorphism p ! :
With one of the two orientations in the semi-orientation on Σ which will be fixed from now on, we have all f ([Σ i ]) > 0. By taking the dual of f , there is a closed 2-form ξ ∈ H 2 DR (X) with Σi ξ > 0. So one can choose a symplectic form ω i on each Σ i such that
Let ω be the Kähler form on X. One can assume σ * ω = −ω (otherwise consider the Kähler form σ * ω − ω, which is compatible with the same almost complex structure as ω). It follows that ω restricts to a zero form on Σ. (Namely Σ is a Lagrangian submanifold in X, a standard fact in real algebraic geometry.) Fix a t > 0 and consider a perturbation ω = ω + t(ξ + dγ), which is obviously a closed form on X. For small t, ω is non-degenerate, as ω is non-degenerate and non-degeneracy is an open condition. Thus ω is a symplectic form on X, whose restriction to each Σ i ,
is non-degenerate. In other words, we obtain a symplectic form ω on X as a perturbation of ω under which Σ is a symplectic submanifold.
Let Σ = p −1 (Σ). We proceed to construct a closed 2-form η on X such that it is non-degenerate on fibers of the normal bundle W ⊂ T X| Σ of Σ in X, and such that the fibers W x , T x Σ are η-orthogonal for each x ∈ Σ. Consider the pull-back ξ = p * ξ of the closed 2-form ξ constructed in an early paragraph. This is a closed 2-form on X with Σ ξ = Σ ξ > 0 (meaning Σi ξ > 0 for all i; the subscript i will continue to be suppressed to save space). So there is again a Kähler (symplectic) structure on Σ such that its Kähler form Ω satisfies Ω = ξ + d γ on Σ for some 1-form γ. With Ω on the base Σ, choose any holomorphic structure on the bundle W → Σ. Thus the total space of W becomes a Kähler manifold whose Kähler form will also be denoted by Ω. Note that the fibers W x , T x Σ are Ω-orthogonal by definition of Ω (that is, Ω(u, v) = 0 for any u ∈ W x , v ∈ T x Σ). Extend ξ, γ to W by pull-back.
Let N be a tubular neighborhood of Σ. By embedding N into W , N inherits a closed 2-form Ω and a 1-form γ from Ω, γ, such that Ω = ξ+d γ on Σ. The important properties of Ω are that for any x ∈ Σ, the fibers W x , T x Σ are Ω-orthogonal, and Ω is non-degenerate on W x , since the fibers are holomorphic submanifolds of the total space of W . Extend γ to a 1-form δ on X. Then η = ξ + dδ is the desired closed 2-form on X. Now consider ω t = p * ω + tη, which is a closed 2-form on X, where t > 0. Pick up any x ∈ Σ; we show that ω t is non-degenerate on T x X for small t. Indeed, as p * ω is non-degenerate on T x Σ (recall Σ is ω -symplectic), ω t is also for small t.
For the same t, it is straightforward to check that ω t is non-degenerate on T x X, in view of the properties of η and that p * ω (u, v) = 0, if either u or v belongs to W x .
Thus ω t will be non-degenerate in a neighborhood of x in X. By compactness of Σ, ω t is non-degenerate in a neighborhood R ⊂ N of Σ for all small t > 0.
On the other hand, given any neighborhood S ⊂ R of Σ, ω t is non-degenerate on X\S for all small t > 0, as p * ω is non-degenerate there. Thus once t is small enough, ω t is non-degenerate on X = R ∪( X\S) hence a symplectic form on X.
Remark. As initial evidence for the Theorem, one can verify directly that the cover X admits an almost complex structure. Indeed, let K = p * K X be the pull-back of the canonical line bundle K X of X andK = K ⊗ P D [ Σ] . Then from the usual Euler characteristic and signature formulas for double covers, one has that
induces an orientation reversing isomorphism between the tangent and normal bundles of Σ) and
, an old result of Hopf and Hirzebruch says thatK is the "canonical" bundle of some almost complex structure on X.
To give some examples satisfying the conditions in the Theorem, recall that any real part Σ ⊂ X satisfies the generalized Harnack inequality
Σ is called an M-real part if the equality holds, see e.g. Wilson [19] .
Corollary. If X is a spin Kähler surface with H 1 (X, Z) = {1}, and σ is an antiholomorphic involution whose real part Σ is an M-real surface, then the branched cover X → X exists and has a symplectic structure.
Proof. Since H 1 (X, Z) = {1}, there is only one spin structure on X, which must be preserved by σ. This implies that Σ is orientable by Edmonds [5] .
As Σ is an M-surface, the induced map σ * :
is the identity, [19] . On the other hand [Σ] ∈ H 2 (X, Z 2 ) is characteristic with respect to σ * , namely for any y ∈ H 2 (X, Z 2 ), the intersection numbers obey [Σ] · σ * y = y · y, see Arnold [2] . Combining with σ * = id and y · y = 0 (since X is spin), we have [Σ] · y = 0 for all y ∈ H 2 (X, Z 2 ), which implies [Σ] = 0 in H 2 (X, Z 2 ).
So the conditions in the Theorem are satisfied and the Corollary follows.
Constructing M-real parts is an important problem in real algebraic geometry. For instance, it is a classical theorem of Harnack that for every degree d, there is a projective curve C ⊂ CP 2 whose real part is an M-real algebraic curve. Take d even and consider the double cover X of CP 2 branched along C. Then the complex conjugation on CP 2 can be lifted to an anti-holomorphic involution on X which has an M-real part. Another source of anti-holomorphic involutions on Kähler surfaces with M-real parts is given in Viro [16] , which constructs, for every degree, a projective surface X ⊂ CP 3 with M-real surface. In both cases, except for a few lower degrees, the real parts have at least one component which is not a sphere.
From the proof, it is possible to extend the Theorem to a finite-fold cover X → X branched along Σ =Fixσ, where σ : X → X is an involution on a symplectic manifold (X, ω), which is anti-holomorphic with respect to some ω-compatible almost complex structure. (The last condition is equivalent to saying that σ is antisymplectic, namely σ * ω = −ω , where the symplectic form ω = σ * ω − ω is the average of ω.) However practically all known examples are covered by the Theorem, especially by the Corollary.
It appears to be an interesting question whether the double cover X in the Theorem admits a Kähler structure. We hope to consider elsewhere this question as well as other general branched covers, in connection with Seiberg-Witten invariants.
Here we are content with observing the following Proposition. It implies that if Σ has a non-sphere component, then X is not diffeomorphic to any Kähler surface that is a holomorphic double cover with branched locus diffeomorphic to Σ. Proof. As before let K X be the canonical bundle of X. Then σ
Suppose that there is a diffeomorphism f : X → Y to a complex surface Y with f (Σ) ⊂ Y a complex curve. By Friedman-Morgan [8] , one of the ±(f −1 ) * K X is the canonical bundle of Y and Y is also minimal of general type. Since Note that in the Proposition above, the condition that Σ be a real part may be weakened to one of the following purely topological conditions:
(Under the second condition, use the adjunction formula on Y to deduce that f (Σ i ) are (−2)-curves. Since χ Σi + Σ 2 i = 0 is also preserved by any homeomorphism, the diffeomorphism f in the Proposition under this condition may be replaced by a homeomorphism provided Y is assumed to be of general type.) For another remark about the Proposition, by a theorem of S.-T. Yau, saying that Y has (−2)-curves is equivalent to saying that Y has no Kähler-Einstein metrics, which excludes for instance hypersurfaces of degree> 3 in CP 3 . As a future application, it will be of independent interest to use the Proposition above to construct "exotic" 2-dimensional knots inside smooth 4-manifolds. Another consequence is the following:
Corollary. In the Proposition, assume in addition that not all components of Σ are spheres. Then σ is not smoothly equivalent to any holomorphic involution on another complex manifold.
Proof. The case when Σ is empty follows from [18] . If Σ = ∅, supposing the existence of the equivalence, then Σ is mapped onto the fixed point set of the holomorphic involution, which is then a complex submanifold. By the Proposition above, all components of Σ are spheres.
Ruan [13] has shown, by using different methods (G-invariant Seiberg-Witten invariants), that more generally the Corollary remains true even if Σ consists of spheres. In fact the author learned from Yongbin Ruan another direct proof of this which was recently pointed out by Peter Kronheimer: Since σ * K X = −K X , for any diffeomorphism f : X → Y we have
As (f −1 ) * K X = ±K Y is preserved by every holomorphic involution on Y , we see that f • σ • f −1 cannot be a holomorphic involution on Y .
